We show that every n × n complex nonderogatory matrix is similar to a unique unit upper Hessenberg Toeplitz matrix. The proof is constructive, and can be adapted to nonderogatory matrices with entries in any field of characteristic zero or characteristic greater than n. We also prove that every n × n complex matrix with n ≤ 4 is similar to a Toeplitz matrix.
Introduction
The class of Toeplitz matrices is much studied, important within mathematics as well as in a wide range of applications. Such matrices arise, for example, in the theory of orthogonal polynomials, trigonometric moments, the design of stochastic filters, time series analysis, signal processing, and the analysis of the stability and convergence of solutions to initial-boundary-value problems for partial differential equations [7, 12, 15, 18, 19, 24] .
Both the distribution of eigenvalues and the inverse eigenvalue problem for Toeplitz matrices have received much attention (see for example, [1, 3, 4, 6, 11, 20, 21, 22, 23] . The inverse eigenvalue question for real symmetric n × n Toeplitz matrices was posed in 1983 by Delsarte and Genin [6] and resolved by them for n ≤ 4; the general case was settled only recently by Landau [17] . Landau's nonconstructive proof uses topological degree theory to show that any list of n real numbers can be realized as the spectrum of an n × n real symmetric Toeplitz matrix.
By asking whether every complex matrix is similar to a Toeplitz one, we pose the inverse Jordan structure problem for Toeplitz matrices -which Jordan forms can be realized by some Toeplitz matrix? It is well-known that every diagonalizable matrix is similar to a Toeplitz matrix, indeed to a circulant matrix. This paper completely settles the question for the nonderogatory case in a constructive fashion. More precisely, given an n × n complex nonderogatory matrix A, we construct the unique upper Hessenberg Toeplitz matrix with ones on the subdiagonal that is similar to A. What happens for more general matrices? In what might seem to be a replay of the history of the inverse eigenvalue problem, we resolve the question when n ≤ 4, showing that every 4 × 4 (or smaller) matrix is similar to a Toeplitz matrix. We also discuss some possible extensions and generalizations of these results.
Notation and Background Results
Toeplitz matrices are characterized by having constant diagonal entries. Formally, an n × n complex matrix A is Toeplitz if there exist 2n − 1 complex numbers a −n+1 , . . . , a 0 , . . . , a n−1 such that the ijth entry of A is a j−i for 1 ≤ i, j ≤ n.
The set of all m × n complex matrices will be denoted by M mn (C), or just M n (C), when m = n. As usual, λ(A) is the spectrum of the matrix A, and we write A ∼ B to signify that matrices A and B are similar.
The following result is well-known [5, p. 66-73] , and provides a context in which to view the results of this paper. We include a brief proof here for completeness.
Theorem 1 Every diagonalizable matrix is similar to a Toeplitz matrix.
Proof. It suffices to prove the result for diagonal matrices. Let Z be the cyclic permutation matrix
Then Z is similar to diag(1, ω, ω 2 , . . . , ω n−1 ) where ω is a primitive nth root of
, one can take p(z) to be the Lagrange interpolating polynomial of degree n − 1. Then D is similar to the Toeplitz (in fact, the circulant) matrix p(Z). 2
Recall that a matrix A is upper Hessenberg if all its entries below the first subdiagonal are zero, i.e., a ij = 0 whenever i > j + 1. Extending the standard convention of referring to triangular matrices with ones on the main diagonal as unit triangular matrices, we will refer to upper Hessenberg matrices with ones on the first subdiagonal as unit upper Hessenberg matrices.
A matrix is said to be nonderogatory if all of its eigenspaces are one-dimensional. For the convenience of the reader, we briefly review in Proposition 1 some equivalent ways to characterize this class of matrices, beginning with a well-known result used to demonstrate one of the equivalences.
Proof. Using a similarity by a matrix of the form [ I 0 X I ] , the result follows immediately from basic properties of Sylvester equations [16, p.270, 279] .
2
The following statements are equivalent:
The matrix A is nonderogatory. Proof. The equivalence of (a), (b) and (c) follows immediately from the Jordan canonical form. The equivalence of (d) with (a), (b), and (c) can also be deduced from the Jordan canonical form, but requires a little more argument. For details see [15, p. 135-7] or [16, p. 271-5] . To see that (b)⇒(f) first observe that every matrix in Jordan form is similar to its transpose, then use Lemma 1 repeatedly to fill in the missing 1's on the first subdiagonal. The implication (f)⇒(e) is trivial, so the proof will be complete once we establish that (e)⇒(a).
To that end, observe that h ij = 0 for i = j + 1 together with h ij = 0 for i > j + 1 implies that rank(H − λI) is at least n − 1 for any λ ∈ C. Hence rank(A − λI) ≥ n − 1, and consequently the dimension of the kernel of A − λI cannot exceed 1. In other words, every eigenspace of A is one-dimensional, so A is nonderogatory.
We remark that upper Hessenberg matrices with the property that all entries on the first subdiagonal are non-zero are sometimes called unreduced Hessenberg matrices. The equivalence between nonderogatory matrices and unreduced upper Hessenberg matrices is discussed in [10, p. 367-9] .
Since Toeplitz matrices are constant along diagonals, it will be natural and useful to consider matrices from a diagonal perspective [2] , that is, to view them as sums of their diagonals. Following standard convention, the northwest-southeast diagonals of a matrix will be numbered −(n − 1), . . . , 0, . . . , n − 1, starting from the lower left corner. For each integer i, let ∆ i ⊂ M n (C) denote the subspace of matrices whose non-zero entries are restricted to the ith diagonal:
Note that if |i| > n − 1 then ∆ i consists of just the zero matrix. It is now easy to see that
It will also be useful to have a compact notation for the matrix obtained from a given matrix A ∈ M n (C) by filtering out all entries except those on the ith diagonal:
Now observe that any matrix A can be expressed as A = i A (i) , the sum of its diagonals.
Existence of the Toeplitz canonical form
We prove our main theorem, that every nonderogatory matrix A is similar to a Toeplitz matrix, by establishing a stronger result -every nonderogatory matrix is similar to a unit upper Hessenberg Toeplitz matrix. Given the uniqueness result of the next section, it is reasonable to refer to this as the Toeplitz canonical form for a nonderogatory matrix.
The strategy for constructing this canonical form is simple and direct. Begin with any unit upper Hessenberg matrix H similar to A. Then using similarities by special unit upper triangular matrices, we can "fix" any selected diagonal of H, making all the entries along this diagonal the same, while keeping the lower diagonals unchanged. Working on one diagonal at a time in this manner, from lower left to upper right, we can eventually transform H into a Toeplitz matrix.
To carry out this strategy, we need some simple results about inverses of these special triangular matrices and similarities of upper Hessenberg matrices, viewed from the diagonal perspective referred to earlier. 
Proof. (a) P −1 can be obtained by using the well-known result
where N is any nilpotent. Since P (k) j ∈ ∆ kj , it follows that P −1 can have nonzero entries only on diagonals with index jk for some j ≥ 0.
(b) Using the result of part (a), we can expand B as
Since A is upper Hessenberg, we can write
Thus we see that nonzero contributions to B ( ) for ≤ k − 1 can come only from A, the first term in this expansion. Hence
Observe that the fourth and fifth terms can contribute only to diagonals with index greater than or equal to 2k + 1. Hence the kth diagonal of B is built from just the first three terms:
We are now in a position to prove the main result of this paper.
Theorem 2 Every nonderogatory matrix in M n (C) is similar to a Toeplitz matrix, in particular to a unit upper Hessenberg Toeplitz matrix.
Proof. Let A ∈ M n (C) be nonderogatory. By Proposition 1, we may assume without loss of generality that A is in unit upper Hessenberg form. Now suppose P is a unit upper triangular matrix of the form P = I + P (k+1) , where 0 ≤ k ≤ n − 2 is any fixed integer, and consider the matrix B = P −1 A P . We will show that for any unit upper Hessenberg A, it is always possible to choose P (k+1) so that the entries on the kth diagonal of B are all equal. Recall from Lemma 2(b) that B ( ) = A ( ) for ≤ k − 1, so the similarity P −1 A P does not disturb any of the previous diagonals of A. Thus by applying this result n − 1 times, starting at k = 0 and working up to k = n − 2 one diagonal at a time, we can transform any unit upper Hessenberg into a unit upper Hessenberg Toeplitz matrix.
All that remains is to see how to choose P (k+1) to achieve this goal. ¿From Lemma 2(b) we have
where A (−1) is the fixed nilpotent matrix
Since P (k+1) ∈ ∆ k+1 can be chosen arbitrarily, we view it as an unknown X and analyze Eqn. (3) by studying the Sylvester operator
, so characterizing the range of S will show which kth diagonals B (k) can be realized. Closely related questions have been addressed in [8] , and we follow a similar approach here.
Consider the standard inner product defined on M n (C) by A, B = trace(AB H ), where B H denotes the conjugate transpose of B. By restriction this induces inner products on the subspaces ∆ k+1 and ∆ k . With respect to these inner products, there is a well-defined adjoint map
⊥ , we may express ∆ k as the orthogonal direct sum
and compute range S by first finding ker S * . But S * is just the restriction to ∆ k of the map
Now the kernel of S * is well-known [9, 16] , and can be found by direct computation, or, since N T is nonderogatory, by invoking Proposition 1(d):
ker S * = {n × n upper triangular Toeplitz matrices}.
Thus we have
and hence range S = (ker S * ) ⊥ = {R ∈ ∆ k : the sum of all the entries of R is zero}.
Now we can see how to construct P (k+1) . ¿From Eqn. (5) we know that A (k) can be uniquely decomposed as a sum A (k) = T + R , where T ∈ ker S * , and R ∈ range S. These components T and R are easily computed. Let α be the average of the entries on the kth diagonal of A (k) . Then T ∈ ∆ k is the Toeplitz matrix with all α's on the kth diagonal, and
be the unique matrix in ∆ k+1 such that S(P (k+1) ) = −R. Again this is easily computed, since the matrix equation S(X) = −R reduces to a linear system of (scalar) equations that can be solved immediately by back-substitution. With this P (k+1) we have
is Toeplitz, and the proof is complete. 
Extension to other fields
With some small modifications, the proof given above applies to nonderogatory matrices with entries in almost any field. Specifically, if F is any field of characteristic zero or characteristic greater than n, then any nonderogatory A ∈ M n (F ) is similar to a unit upper Hessenberg Toeplitz matrix in M n (F ).
Let us recall the main steps in the proof and briefly indicate where modifications are needed to accommodate F . The first step is to find some unit upper Hessenberg matrix similar to A; this was achieved in Proposition 1 for complex matrices via the Jordan canonical form. For matrices over an arbitrary field the Jordan form is unavailable. However, a characterization of nonderogatory matrices that plays a key role in the development of the rational canonical form [14, p. 227-237] provides a suitable replacement : A is nonderogatory if and only if A has a cyclic vector, equivalently, if and only if A is similar to the companion matrix of its characteristic polynomial. This companion matrix is then the desired unit upper Hessenberg matrix, and the proof now proceeds exactly as before, until we reach the matrix equation
). The analysis of this equation can no longer rest on properties of inner products and adjoint operators, but fortunately a more concrete approach is still feasible. Viewing this matrix equation as a linear system of scalar equations shows that a Toeplitz diagonal B (k) can always be obtained, provided that division by the numbers 2, 3, . . . , n is always possible in F . This is where the condition on the characteristic of F originates, and simple counterexamples can be fashioned to show that it cannot be relaxed.
Indeed, for any field F of characteristic p > 0 and any integer n ≥ p, there exists a nonderogatory matrix in M n (F ) that is not similar to any unit upper Hessenberg Toeplitz matrix in M n (F ). A specific example of such a matrix is given by the following. Let N be the nilpotent matrix displayed in Eqn. (4), and let E ij denote the matrix with zeroes everywhere except for one in the ijth position. Also let kp be the largest multiple of p less than or equal to n. Then B = N + E kp,n ∈ M n (F ) is nonderogatory since it is the companion matrix of the polynomial x n − x kp−1 . But, using Lemma 4 of the next section (which is valid in an arbitrary field), one can show that no unit upper Hessenberg Toeplitz matrix in M n (F ) can have x n − x kp−1 as its characteristic polynomial. Thus B cannot be similar to any unit upper Hessenberg Toeplitz matrix in M n (F ).
Uniqueness of the Toeplitz canonical form
We first establish a recurrence relation for the characteristic polynomials of unit upper Hessenberg Toeplitz matrices.
Lemma 3 Let p 0 (x) ≡ 1, and p n (x) = det(xI − T n ), where
Proof. If we expand p n (x) = det(xI − T n ) recursively by the first column, then at the mth stage we encounter the determinant q m,n (x) given by
Expanding q m,n (x) by the first column gives
and iterating this formula yields
Now we expand p n (x) by its first column. This gives us
and the lemma is proved. 2
The recurrence relation given in Eqn. (6) enables us to establish several useful facts about the coefficients of the characteristic polynomial p n (x) in terms of the entries of T n . If we write
then each coefficient c ni is a priori a polynomial involving all the n complex variables a 1 , a 2 , . . . , a n . We now show that in fact, c ni involves just the first i variables a 1 , a 2 , . . . , a i , and depends linearly on a i .
Lemma 4 If c ni are the coefficients of the characteristic polynomial p n (x) as in (7), then
where
Proof. The proof is by induction on n, the degree of the polynomial p n (x). Base Case: When n = 1,
hence c 11 = −a 1 and (8) holds. For n = 2, we have ¿From the recurrence relation for p n (x) established in Lemma 3 we have
Equating the coefficients of x n−1 on both sides of Eqn. (9), and using the notation of Eqn. (7) in p n (x). Which terms on the right hand side of (9) contribute to x n−i ? Since p k (x) is of degree k, such contributions can only come from
Equating the coefficients of x n−i on both sides of (9) 
Putting these facts together gives
With Lemma 4 in hand, we are now able to prove uniqueness of the Toeplitz canonical form.
Theorem 3 Every nonderogatory matrix in M n (C) is similar to a unique unit upper Hessenberg Toeplitz matrix .
Proof. In light of Theorem 2 it suffices to show that if two unit upper Hessenberg Toeplitz matrices are similar, then they are equal. So let a 1 a 2 . . . a n−1 a n   1 
and suppose that A ∼ B. Then the characteristic polynomials of A and B must be the same. Equating their corresponding coefficients and using Lemma 4 we see that
and for 2 ≤ k ≤ n,
It is now easy to see that 
Remark 1
The proofs of Lemmas 3 and 4 are valid for nonderogatory matrices over an arbitrary field F . The proof of Theorem 3 remains valid for any field up to the very last line: there we need n − k + 1 to be nonzero for 1 ≤ k ≤ n, or equivalently, the numbers 1, 2, . . . , n must be nonzero in F . Thus the need to restrict the characteristic of F to either zero or greater than n is again made apparent.
Remark 2 The arguments in this section can be modified to give an alternative proof of the existence of the unit upper Hessenberg Toeplitz canonical form for nonderogatory matrices.
Theorem 4 Every A ∈ M n (C) with n ≤ 4 is similar to a Toeplitz matrix.
Proof. We consider the cases n = 2, 3, 4 in turn. n = 2 The Jordan form of a 2 × 2 matrix can be one of the three types:
Thus A is either diagonalizable or nonderogatory, and the result follows from Theorems 1 and 2. n = 3 Let A be a 3 × 3 matrix. When |λ(A)| = 3 or |λ(A)| = 2, the matrix A is either diagonalizable or nonderogatory, so the result follows from Theorem 1 or Theorem 2. It only remains to consider the case when |λ(A)| = 1. In this case the Jordan form of A can be written as αI + N , where α ∈ C and N is one of the following three nilpotent matrices:
Since N 0 and N 1 are Toeplitz, we turn our attention to N 3 . A calculation shows that
which is clearly a Toeplitz matrix. This completes the proof when n = 3. n = 4 Not surprisingly, this is a bit more involved. Once again we distinguish several cases, depending on the cardinality of λ(A), and focus our attention on those similarity classes not covered by either Theorem 1 or 2.
When |λ(A)| = 4 the matrix A is diagonalizable (as well as nonderogatory). If |λ(A)| = 3, say λ(A) = {α, β, γ}, then there are just two different Jordan forms:
So clearly, A is either diagonalizable or nonderogatory.
Consider next the case |λ(A)| = 2, say λ(A) = {α, β}. Then A is similar to one of the following Jordan matrices:
Clearly, E 3 and E 4 are diagonal matrices, E 5 and E 6 are nonderogatory, so it only remains to consider the situations when A ∼ E 7 or A ∼ E 8 . Let 
We will show that E 7 is similar to a Toeplitz matrix obtained by scaling and shifting T 7 . First, a similarity by the invertible matrix 
Next, a suitable scaling and shift produces a matrix that is clearly similar to E 7 :
Finally, a diagonal similarity by D = diag(1, 16 + 8i, α − β, 1), makes the (2, 3) entry equal to 1. Thus
so that E 7 is similar to the Toeplitz matrix Hence a suitable scaling and shift of T 8 yields a Toeplitz matrix T 8 that is similar to E 8 .
We now turn our attention to the final case, |λ(A)| = 1. Let λ(A) = {α}, so that A = αI + M where M is nilpotent. Clearly, it suffices to show that M is similar to a Toeplitz matrix. By inspection we see there are just five possibilities for the Jordan form of M :
that are already Toeplitz, and
Observe that M 3 and M 4 are both similar to Toeplitz matrices via permutation similarities:
Finally, a computation shows that if we let
, and the proof is complete. 2
Remark 3
The matrices T 5 , T 7 , and T 8 were constructed by straightforward, but somewhat lengthy calculations. Starting with a generic 4 × 4 Toeplitz matrix T , it is possible in these particular cases to force the desired Jordan form on T simply by imposing conditions on the rank of T and on the coefficients of the characteristic polynomial of T . These conditions lead to equations constraining the entries of T , from which a parametrized family of Toeplitz matrices with the desired Jordan form can be generated. The particular matrices T 5 , T 7 , and T 8 are just convenient members of these families.
6 Beyond n = 4, and other extensions Theorem 2 asserts that every nonderogatory matrix A is similar to some unit upper Hessenberg Toeplitz matrix. It is natural to wonder whether this result might be generalized to some class of "almost nonderogatory" matrices. In particular, one might consider classes of matrices defined by relaxing either condition (b) or (c) of Proposition 1. The former leads to the class of matrices whose eigenvalues have geometric multiplicity no larger than 2; equivalently, every eigenvalue appears in at most two Jordan blocks. Relaxing condition (c), on the other hand, gives rise to a slightly different class of matrices, those whose minimal and characteristic polynomials differ in degree by at most one. One might conjecture that if a matrix A belongs to one of these two classes, then A would be similar to some Toeplitz matrix with all zero entries below the second subdiagonal. Unfortunately, the following example shows that Theorem 2 cannot be extended in this way to either of these classes of "almost nonderogatory" matrices.
Example. Recall the nilpotent matrix
encountered in the previous section. Clearly, its characteristic polynomial is p(λ) = λ 4 , its minimal polynomial is m(λ) = λ 3 , and its only eigenvalue λ = 0 appears in 2 Jordan blocks. Therefore, M is "almost nonderogatory" in both senses, and belongs to each of the aforementioned classes.
In § 5 we displayed a Toeplitz matrix (T 5 ) similar to M . Notice that T 5 has nonzero entries on every diagonal except the main diagonal (any Toeplitz nilpotent must have zeroes on the main diagonal). Now if either of the two conjectured generalizations of Theorem 2 were true, then M would also be similar to a Toeplitz matrix of the form
(Because "scaling" similarities D −1 T D with matrices of the form D = diag(r, r 2 , . . . , r n ) preserve Toeplitz structure, we may assume without loss of generality that the lowest nonzero diagonal of T consists of all ones.) Since M 3 = 0, we must have T 3 = 0. A calculation shows that
Successively setting the (4, 1), (3, 1) , and (3, 2) entries of T 3 to zero gives us the conditions b = −a 3 , c = 4a 4 , and d = −5a 5 . Substituting into the (3, 3) entry of T 3 we get 0 = 2b 2 + 2ca 2 + da = 2a 6 + 8a 6 − 5a 6 = 5a But now T 2 = 0, whereas M 2 = 0, so T cannot be similar to M , and the conjectures are both seen to be false.
Remark 4
The matrix M illustrates another important point. M is a real matrix, but it can be shown (as a corollary of the calculation outlined in Remark 3) that M is not similar to any real Toeplitz matrix. This is in contrast to the situation for real nonderogatory matrices, which are each guaranteed to be similar to some real Toeplitz matrix (see §3.1).
In spite of the failure of both conjectured generalizations of Theorem 2, it may still be possible to establish some useful Toeplitz structure theory for derogatory matrices. It is apparent, though, that Theorems 1 and 2 by themselves will not be sufficient to handle all large matrices. Already for n = 4 we are forced to deal with several instances when neither theorem applies: the Toeplitz matrices T 5 , T 7 and T 8 to which M 5 , E 7 , and E 8 are similar were found only after lengthy, albeit systematic calculations. Further computations in the same vein show that many 5 × 5 matrices, including all nilpotent ones, are similar to Toeplitz matrices. Although we have not found any 5 × 5 matrix that fails to be similar to a Toeplitz matrix, neither have we ruled out the possibility that such a counterexample exists.
Going far beyond n = 4, it is interesting to note that Theorem 4 does not extend to infinite dimensional Hilbert spaces. In this setting it is well-known that the only compact Toeplitz operator is the zero operator [13, p. 137] . But the set of compact operators is a two-sided ideal in the algebra of bounded linear operators on a Hilbert space [13, p. 85] , so every operator similar to a compact operator must itself be compact. Consequently, no nonzero compact operator can be similar to a Toeplitz operator.
Conclusion
In this paper we have established a new Toeplitz canonical form for a large class of matrices -the nonderogatory matrices. Specifically, we have shown that every complex nonderogatory matrix is similar to a unique unit upper Hessenberg Toeplitz matrix. This is a first step towards solving the inverse Jordan structure problem for Toeplitz matrices -which Jordan canonical forms can be realized by some Toeplitz matrix? Put more simply, is every matrix similar to a Toeplitz matrix? The answer is yes for all 4 × 4 and smaller matrices, but the general question remains open.
